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On the topology of solcnoidal attractors of the cyUndor 



Abstract. We study the dynamics of skew product endomorphisms acting 
on the cylinder R/Z X K, of the form 

(6»,i) (ie,\e + T(e)), 

where £ > 2 is an integer, A £ (0, 1) and r : M/Z — » R is a continuous function. 
We are interested on topological properties of the global attractor ^\ ^ of this 
map. Given t and a Lipschitz function t, we show that the attractor set Ha ^- 
is homeomorphic to a closed topological annulus for all A sufficiently close 
to 1. Moreover, we prove that is a Jordan curve for at most finitely many 

AG (0,1). 

These results rely on a detailed study of iterated "cohomological" equations 
of the form t = /^AiMIi Mi = • ■ • 1 where C\^l = fi o mi — X/j, and 

m£ : R/Z — > R/Z denotes the multiplication by £ map. We show the following 
finiteness result: each Lipschitz function t can be written in a canonical way 
as, 

T = C\i O ■ ■ ■ O -Ca^M, 

where m > 0, Ai , . . . , Am G (0, 1] and the Lipschitz function /i satisfies ^ Cxp 
for every continuous function p and every A G (0, 1]. 



Resume. On etudie la dynamique des produits croises agissant sur le cylindre 
R/Z X R, de la forme 

{e,t) ^ (ee,\e + T(e)), 

oil £ > 2 est un entier, A G (0, 1) et r : R/Z R est une fonction continue. 
On s'interesse aux proprietes topologiques de I'attracteur global Q,\ ^ de cet 
endomorphisme. Etant donne I et une fonction lipschitzienne t, on demontre 
que I'attracteur ^a r 6st homeomorphe a un anneau topologique pour tout A 
assez proche de 1. D'autre part, on demontre qu'il existe au plus un nombre 
fini de A G (0, 1) tels que I'attracteur Ha^t soit une courbe de Jordan. 

Ces resultats s'appuient sur une analyse detaillee des equations "coho- 
mologiques" iterees : r = C\-^fj,i, fii = C\^p.2, . . ., oti C\p = p o mi — X/i 
et mi est I'application de multiplication par £ sur le cercle R/Z. On demontre 
le resultat de finitude suivant : toute fonction lipschitizenne t s'ecrit de fagon 
canonique sous la forme 

T = ^Ai O ■ ■ ■ O £a„,M, 

oil m > 0, Ai, . . . , Am G (0, 1] et la fonction lispchitzienne fj, satisfait p C\p 
pour toute fonction continue p et tout A G (0, 1]. 

1. Introduction. 

In this paper we study the dynamics of skew product endomorphisms of the 
cyhnder R/Z x M of the form 

Aa.t : R/Z X R R/Z X R 

i9,t) ^ {I0,\t + T{e)), 

where £ > 2 is an integer, A e (0, 1) and t : R/Z R is a continuous function. 

The non- wandering set VLx ^ of ^a.t is a global attractor of the dynamics of A>, 
the forward orbit of every point in R/Z x R converges to fiA.r and ^a,t is transitive 
on f2A,T- In fact Aa.t is topologically semi-conjugate to a solenoidal map on f^A.r 
(Section 0) 

These maps where intially studied in 0, from a measure theoretical point of 
view. In that paper M. Tsujii showed that Aa,t has a unique physical measure and 
that the support of this measure is the attractor Oa,t- The main result of is 
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that, when A > £^^, for generic functions t of class the unique physical measure 
of Ax^T is absolutely continuous with respect to Lebesgue measure. 

The purpose of this paper is to study topological properties of the attractor sets 
fl\.T- Our main result is the following. 

Theorem 1. Suppose that r : R/Z — > M is Lipschitz. Then the following hold: 

(1) The set JTr = {A G (0, 1)/^\^t is a Jordan curve} is finite. 

(2) There exists Ao G (0, 1) such that CIx,t is a homeomorphis to a closed annulus 
for all A e [Ao, 1). 

For a given A G (0, 1), we characterize those functions r for which ^\,t is a 
Jordan curve in terms of the Fourier coefficients of r (Theorem 2). /^From this 
characterization it follows easily that the set of those t for which fi^.r is a Jordan 
curve has infinite codimension in the space of all Lipschitz functions. 

1.1. On the interior of the attractor. When A < it is easy to see that f^A.r 
has zero Lebesgue measure and hence empty interior. On the other hand, when 
A = t^^ we show the set JIa.t is not homeomorphic to an annulus fPror)osition l4.4|l . 
So Ao in part (2) of the theorem must be strictly larger than 

When A > (.~^ , Tsujii's result (mentioned above) implies that for most r of class 
C^, the attractor set JIa.t has positive Lebesgue measure. Here we show examples of 
maps Ax^T for which the set JIa.t has non-empty interior but it is not homeomorphic 
to an annulus (Proposition [^31 • In these examples A can be taken arbitrarily close 
to Moreover we show that these examples are robust in the sense that any map 
A : M/Z X M ^ M/Z x K. that is sufficiently (Lipschitz) close to Ax ^ has the same 
properties. 

In a forthcoming paper we show that, when A > l^^ , for most t of class the 
set r^A.r has non-empty interior. 

1.2. On the iterated cohomological equation. Recall that a continuous func- 
tion r : M/Z — > M is cohomologous to if there is a continuous function such 
that 

T = £/i = fi — o nil, 

where : M/Z M/Z is the multiplication by t map. It is easy to see that 
in that case J^/^t — and the function /i is unique up to an additive constant. 
For this reason we will assume that all the functions considered in the rest of the 
introduction have integral. 

Part (2) of the theorem is first proven in the case when r is not cohomologous 
to (Proposition l4.6|l . When r ~ is cohomologous to 0, a direct computation 
shows that the maps Ax,r o,nd v4a,/j are conjugated by the homeomorphism (0, t) ^ 
{6,{t + — X)). So, if n is not cohomologous to we reduce to the first case. By 
induction, if for some positive integer n there is a continuous function ^ : K/Z — > M 
that is not cohomologous to and such that r = >C"/i, then we reduce to the first 
case. 

We complete the proof of part (2) of the theorem by showing that a non-constant 
Lipschitz function cannot be infinitely cohomologous to 0. More precisely, we show 
that if T is Lipschitz, then the integer n above is bounded by a constant depending 
only on r f Lemma 15.711 . 
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Problem 1. Is there a non- constant continuous function that is infinitely coho- 
mologous to 0? 

1.3. Cohomological operators. For A G (0, 1] it is interesting to consider the 
linear operators C\ defined by = A/i— //om^, so that Ci = C For Aq 6 (0, 1) we 
show that f^Ao.T is a Jordan curve if and only if there exists a (Lipschitz) continuous 
function jjL such that r — C\gfi fProposition l3.1|l . In that case, for every A G (0, 1) 
different from Aq, the maps ^Ao,t and Ax^t are conjugate fLemma l5.4|) . 

We show that each Lipschitz function t can be written in a canonical way as 

T = Cx^ o . . . o Cx^^l, 

where the function /i satisfies /jg^^ fi — and /i ^ Cxp for every A e (0, 1] and every 
continuous function p (here there might be repetitions among Ai,...,A„i). This 
implies part (1) of the theorem. Note that such a function p is such that for every 
A G (0, 1) the set ^x.,^i is not a Jordan curve and for every A G (0, 1) different from 
the Ai, the maps Ax.t and Ax.t are conjugate (Theorem 3). 

Problem 2. For t — 2, let fi be a Lipschitz function such that p, ^ Cxp for every 
A G (0, 1) and every non-constant function p. Is there Aq G (0, 1) such that ^x,fi is 
homeomorphic to an annulus if and only if X > Xq? 

1.4. Are there periodic points in the boundary? The upper (resp. lower) 
boundary of the attractor is by definition the graph of the function 

p+ie)=snp{t/{9,t)enxA 

(resp. p-i0)^mi{t/ie,t)enx,r}-) 
These functions are continuous and characterized by the functional equations 

p+{e) = max{Xp{e') + t{9')/9' G mj\9)} 

p-{9) = mm{Xp{9') + t{9')/9' G ni-\9)}. 
Moreover, when t is Lipschitz the functions and p^ are also Lipschitz. 

Conjecture. For each X G (0,1) there is an open and dense set of functions t of 
class , such that the following properties hold. 

1. The upper (resp. lower) boundary contains a finite number of periodic orbits 
of Ax.t. 

2. The upper (resp. lower) boundary is formed by a finite number of pieces of 
the unstable manifolds of the periodic orbits that it contains. 

In particular the upper and lower boundaries are by parts. 

For a given A G (0,1) and a continuous fimction r : M/Z ^ K consider the closed 

set 

D+ = {9e R/Z/Xp+{9) + t{9) = p+{i9)}. 

It follows from the fimctional equation of p+ that m.({D^) — M/Z, so the maximal 
invariant set 

K+ = {9 e D+/ra'l{9) G D+ for n>l} 

is non-empty and compact. Part 1 of the conjecture implies that contains a 
finite number of periodic orbits and part 2 implies that K'^ is finite. 
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The above conjecture is somewhat similar to the conjecture that, for generic 
expanding cndomorphisms of the circle /, there is a unique measure ^ minimizing 
the integral J^^^ln f'd^ and that this measure has finite support, see |2] and 
references therein. 

1.5. Notes and references. Similar skew product of the cylinder where studied 
by M. Viana 0. M. Tsujii J, extended the results of [Sj and [Z| to general partially 
hyperbolic endomorphisms on surfaces. Piecewise affine endomorphisms having an 
attractor of non-empty interior were studied in 

Acknowledgements. Juan Rivera-Letelier is grateful to J.-C. Yoccoz for useful 
conversations and valuable comments and Rodrigo Bamon thanks Marcelo Viana 
for helpful and constructive discussions. 

1.6. Outline. Let us now describe the structure of the paper. 

Section|21starts giving several equivalent characterizations of the set fiA.r- Then, 
in Subsection l2.1l we show that the scmiconjugacy between the dynamics induced 
by the multiplication by £ map on the solenoid S and the dynamics of A\^t on 
r^A.r can be written in a fairly explicit manner. Also, we endow S with an adapted 
metric distA which makes this scmiconjugacy a Lipschitz function, provided that r 
is Lipschitz. Then it naturally follows that the upper and lower boundaries of the 
attractor flx,T are Lipschitz graphs when r is Lipschitz ( Subsection 12 . 2(1 . 

Section O is devoted to study Jordan curve attractors. We characterize them 
and show, among other results, that flx^r is a Jordan curve if and only if the 
functional equation /iom^— A/x = t has a continuous solution fProDOsition l3. l|l . This 
allow us to show, in Subsection 13.21 that the set of continuous t (with absolutely 
convergent Fourier series) such that Qx,t is a Jordan curve has infinite codimension 
(Theorem El). 

The main result in Section0]is that, for A sufficiently close to 1, the attractor il\,r 
is a closed topological annulus provided that r is Holder, not cohomologous to 
and with integral fProDOsition l4.6|l . This section starts with general results about 
annular attractors. In particular, we show that if the image of the upper boundary 
of r^A.T is above in the cylinder R/Z x R than the image of the lower boundary, 
then r^A.T is homeomorphic to a closed annulus fLemma 14.11) . Also, we establish 
that for A < l/£, the attractor SIa.t cannot be an annulus fProposition l4.4|) . Then, 
in Subsection 14.11 under the above assumptions for t we find periodic orbits in 
the circle so that the corresponding orbits in SIa.t C K/Z x R have R coordinates 
tending to ±oo as A 1. ^From this we deduce that the image of the upper 
boundary is higher up in R/Z x K than the image of the lower boundary, when A 
is sufficiently close to 1, and therefore that flx^r is an annulus. 

Sections 13 and 21 lead us to study in more detail the operators Cx^J, — fiomi — Xfi 
with A G (0, 1]. For our purpose the natural domain of the operators Cx is the 
space of Lipschitz functions. In Section |S1 we start by proving some general facts 
about these linear operators and relating them to conjugacy classes of maps of 
the form Ax^t flemmas 15.21 and 15. 4() . As mentioned in Subsection 11.21 this forces 
us to study iterated equations of the form Cx^Hi = t, Cx2^^2 = Mii An 
important feature of the operators Cx is that they do not increase the best Lipschitz 
constant for ^ fLemma l5.5|) which implies that solutions /x„ of the iterated equations 
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are uniformly Lipschitz. Then we show that the above equations have the effect 
of increasing the Fourier coefficients of /in as n increases and estabUsh our Main 
Lemma which states that, given a Lipschitz function r there exists a finite collection 
< Ai, . . . , Am < 1 (maybe with repetitions) and a (Lipschitz) continuous function 
/i such that o ■ • • o ^Ca^/^ — t and C\p ^ ^ for all continuous p (see lemmas |5. 71 
and l5.9|l . Theorem ^ and its stronger version Theorem |3 follow immediately from 
our main lemma. 

In Section 13 we start by appropriately defining the attractor set and the upper 
and lower boundaries for maps which are close to Ax r and state that the upper 
and lower boundaries of flx^r vary continuously in the topology under Lipschitz 
perturbations of Ax^r ^Proposition 16.2(1 . To prove this we pass to the universal 
cover of M/Z x M and, in Subsection 16. II examine the action of Lipschitz maps 
from into on the graphs of Lipschitz functions. In Subsection 16. 21 motivated 
by the fact that the upper and lower boundaries of SIa.t are the graphs of functions 
: R/Z ^ R which satisfy certain functional equations we show that, under 
certain conditions, the upper and lower boundaries of the attractor of maps F of 
the cylinder are fixed points of operators Tp which act on Lipschitz functions. 
The definition and properties of Tp rely on the work of Subsection 16.11 At the 
end of Section we prove the above mentioned continuity of the upper and lower 
boundaries of the attractor. 

The last section, Section [7| contains two examples. The first example consists 
of an application of our results to the study of a family fx^c of endomorphisms 
of C* = C \ {0} where A e (0, 1) and c £ C*. Here /a^c ==' /a,o + c where /a,o 
acts as angle doubling on the arguments of z e C* and as an affine contraction 
of factor A in the radial direction. Thus, fx^c is closely related to the extensively 
studied quadratic family Qc{z) — z"^ + c where the \z\ i—> [zj^ action of Qo in the 
radial direction has been substituted by an affine contraction. We show that for 
A sufficiently close to 1 and for |c[ sufficiently small, the attractor of fx,c is an 
annulus. The second example shows that given X > l/£ there exist skew product 
endomorphisms Ax^t such that the attractors ^x,t have non-empty interior and are 
not an annulus. This example is robust under Lipschitz perturbations. 

2. Preliminaries 

Throughout this section, unless otherwise stated, r : M/Z ^ M is a continuous 
function and A e (0,1). We start by showing that ilx.r is a global attractor for 
the dynamics of Ax^t and giving several equivalent characterizations of this set. As 
usual \\t\\oc = sup{t(6I) / 6* e R/Z}. 

Lemma 2.1. Let flx.r be the non-wandering set of Ax^t '■ R/Z x R ^ M/Z x R. 

(1) // Uq = M/Z x (-To, To) for some Tq such that (1 - A)ro > ||t||oo, then 

Ax,t{Uo) C Uq and Q,x,t = n„>o^A,r (C^o)- 

(2) r^A.T is the set of all {0,t) G M/Z x M with a bounded infinite backward 
orbit (i.e., there exists C > and {{On,tn)}n>i such that A'^^(0„,i„) = {0,t) and 
\tn\ < C for alln>l). 

(3) flx,T is the closure of the set formed by the periodic points of Ax^t- 
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Proof. Denote by Per the set of periodic points of A\^r and by B the set of points 
in M/Z X R which have a bounded infinite backward orbit. We will show that: 

Per c Oa,t C n„>o^A,r(f^o) C B C Per. 

The inclusions Per c flx^r and n„>oA" ^-(J/o) C B are clear. 
Let To be such that (1 — A)To > ||r||oo- Since 

\Xt + T{e)\ < XTo + ||t|U < ATo + (1 - A)To = Tq. 

for all \t\ < To, it follows that ^a,t(I^) C Uq- 

Note that if (6'„,t„) = Al^^{0, t), then e„ = £"9 and 

tn = yt + A"- V(^) + y-^Tim) + • • • + T{r-^e). 

Therefore, 

1 — A" 

(1) < ^^||r||oo + A"|i|. 

Hence, for all {e,t) e M/Z x M there exists n such that A1.^{e,t) € Uq. 

Now we show that I^a.t C nA^ ,^(C/o). In fact, suppose that {9,t) ^ A^^(f/o) for 
some m and consider n such that {9,t) belongs to the open set V = ^^"(C/q)- It 
follows that {9, t) does not belong to the non-wandering set fi^.r since (9, t) & V 
but (61, t) ^ for all M > m. 

To finish the proof of the lemma we consider a neighborhood i7 of a point {9, t) 
with bounded infinite backward orbit and proceed to show that U contains a pe- 
riodic point. Let {{6n,tn)}n>\ and C > be such that A^^{6n,tn) = {9,t) and 
l^nl < C for all n > 1. There exist n > 1 and an open interval / C M/Z around 
9n such that the rectangle R = I x [—To,To] maps into U under A^^. Since there 
exists 6' € I periodic under multiplication by i, say of period m, we have that AJ^^ 
restricted to {9'} x [—To,To] is a contraction. It follows that Ax^t has a periodic 
point in {9'} x [-To,To] C R and therefore in U. □ 

2.1. The solenoid and the semiconjugacy. Throughout the paper multiplica- 
tion by £ in the circle will be denoted by : M/Z M/Z. For each A S (0, 1) we 
endow the solenoid: 

S:={9= {9k) e (M/Z)Nu{0} /ni({9k+i) = 9k for all fc > 0} 

with the adapted metric 

distA((0fc), (0;)) = ^ A'^ distK/z(0fe, 9'^). 
k>0 

where distg/z denotes the projection of the standard metric of M onto M/Z. The 
dynamics of multiplication by £ induces: 

Me : S ^ S 

{Ok)k>o ^ {£9o,9o,9i,...). 

We will show that the dynamics of ^Ae : 5 — > <S semi-conjugates to that of 

Ax^T '■ ^x.T ^x.T- Thus, the attractor Clx.r is in this sense a solenoidal attractor. 
To write an explicit formula for the semiconjugacy from S onto Ax^t we need the 
following definition. 



8 



On the topology of solcnoidal attractors of the cyUndor 



Definition 2.2. Given a continuous function t : M/Z —>■ M and A G (0, 1) we define 
tx:S^Rby 

= t(0i) + At(02) + AV(03) + • • • . 

Note that is continuous. Under the assumption that t is a Lipschitz function 
we will show that tx is also Lipschitz. In order to make the statements precise we 
introduce some notation. 

Notation 2.3. Consider two metric spaces {X,px), (F, py). Given a Lipschitz 
map f : X ^ Y the best Lipschitz constant for / 

Px[a,o) 

is denoted by ||/||l and if C > ||/||l, we say that / is a C-Lipschitz map. 

Lemma 2.4. If X (z (0, 1) and r : M/Z —fR is a \\t\\l -Lipschitz map, then t\ is a 
{X^^\\t\\l) -Lipschitz from (5, dist^) to M. 

Proof. For any 6 — {6k) and 9' = {6'f.) in S we have 

\tx{e)-tx{e')\ < 



fe>i 



k>l 



(2) - A-i||r||i(distA(0,^')-distK/z(0o,0o) 

< A-i||r||idistA(^,0') 
That is, t\ is A~-^ ||T||L~Lipschitz. □ 
Proposition 2.5. Given X G (0, 1) and a continuous function t : R/Z R, let 

hx: _ S M/Z xM. 

9 = {Ok) ^ {Oo,txie)). 

Then h\ is a continuous semiconjugacy from S onto fiA.T- That is, h\ : S ^ ^x,t 
is onto and Ax,t ° = ° J^i- Moreover, hx '■ (5, distA) — > ^x,t is Lipschitz 
whenever t : M/Z ^ M is Lipschitz. 

Proof. That Ax,t ° hx = hx o Aie is a straightforward computation. We must 
show that hx{S) = Qx.t- Since hx{S) is bounded and forward invariant (i.e., 
Ax,rihxiS)) = hxiS)), by Lemma [TTl we have that h{S) C nx,r- Now if (6'o,iq) e 
f2A,T, then there exists a bounded backward orbit {{On,tn)}n>a- Therefore, 6 = 
{9n) G S and to — tx{6). Hence, {Oo,to) = hx{9) G hx{S). By the previous lemma, 
hx is Lipschitz, if t : R/Z ^ R is a Lipschitz function. □ 

2.2. Upper and lower boundaries of the attractor. The attractor VIx.t lies in 
between the graph of two functions which we call the upper and lower boundaries 
of ^x,T- More precisely: 

Definition 2.6. Let 

p+{e) = sup{i/(^?,t) G^iA,.}, 
p-{e) = ■mi{t/{e,t)^nx,r}- 
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We say that d±ilx,T ~ {{(^,P±{0) / S G M/Z} are the upper and lower bound- 
aries of ^x,T, respectively. 

Since Ax^t{^\,t) = ^\,t and Ax^^ is locally orientation preserving, it follows 
that 

(3) p+io) = max{Xp+{e') + T{e') /e' enij\e)}, 

p-{9) = mm{Xp-{e') + r{e') /e' emj\e)}. 

It is interesting to observe that the above functional equation is very similar to the 
one contained in Lemma A of Q]. 

For T Lipschitz, the upper and lower boundaries are Lipschitz graphs. In general, 
for T of class C°° or even real analytic, the upper and lower boundaries are not C^. 

Lemma 2.7. If t : R/Z M is Lipschitz, then : M/Z R are ^^^^ -Lipschitz 
maps. 

Proof. Consi_der 60,6'^ e R/Z. Let 6 = [Ok) £ 5 be such that tx{e) = p+{9o). 
There exists 9' = {6'i^) G S such that distR/z(6'^, 6*^) = distR/z(6'o, 6*0) and 
therefore, 

distx{0,e') ^ j^distj,/^{eo,9'o). 

Then, by ©: 

P^{0'o)>tx{0') = tx{e')-tx{9)+tx{9) 

> -C{distx{9, 9') - distR/z(0o, ^o)) + txi^) 

= -C{j^- I) distxie, 9') +tx{9) 

= p+(^?o)-C-^distA(^,^') 

where C = A^^||T||i is a Lipschitz constant for tx (see Lemma|^J. It follows that 
/9+ : R/Z ^ M is Lipschitz with the appropriate constant. For p^ : R/Z — > R a 
similar argument can be applied. □ 

3. Jordan curve attractors 

Observe that the equator {0} x M/Z of the cylinder is the attractor of the map 
Axfl- 

3.1. Characterization. The next proposition characterizes Jordan curve attrac- 
tors. 

Proposition 3.1. Let r : R/Z M. be a function of class C where C is either the 
Lipschitz class, or C class for some r £ [0, 00] U {uj}. 
Then the following are equivalent: 

(1) Ax^T 'is topologically conjugate to Ax.q. 
(1') Ax.T is C-conjugate to Axfl. 

(2) Qx,T C R/Z X R is the graph of a continuous function p : M/Z M. 
(2') ^x,T C M/Z X R is the graph of a function p, : R/Z — > R 0/ class C. 

(3) The functional equation pouie — Xp = r has a continuous solution p : M/Z 

R. 
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(3') The functional equation fi o — Xfi — t has a solution fj, : R/Z ^ R of 
class C. 

(4) p+{e) = p-{0) for all 9 G M/Z. 

(5) p+{e) = p-{0) for some 6 £ M/Z. 

(6) r^A.r is a Jordan curve. 

Proof. (6) (5). If r^A.T is a Jordan curve, then p'^{9) = p^{9) for some 
9 G R/Z. Otherwise, p+{9) > p-{9) for aU 9 and the two Jordan curves {(6*, p+{9))} 
and {{9,p^{9))} would be disjoint and contained in the Jordan curve fJ^.r which 
is impossible. 

(5) =^ (4). If p+{9) = p-{9) for some 9 G R/Z, then the set S = {9 £ 

p+{9) = p^{9)} is not empty, closed and 1117^(5) = hence S = R/Z. 
(4) (2). If /9+ and agree on R/Z, then fi^.r is the graph of /i = /?+ = P - 

(2) =^ (3) (rcsp. (2') =4> (3')). If f^A.r C R/Z x R is the graph of a C° (resp. 
C) function p : M/Z ^ R, then {£9,Xp{9) + t{9)) = Aa.^ (6', m(^)) belongs to the 
graph of p. Therefore, p{£9) = Xp{9) + t{9) for aU 9. 

(3) => (3'). Let us denote by tt : R ^ R/Z quotient map. If pome — Xp — t has 
a solution /.t : R/Z ^ R, then /.to7r:R^Risa solution of p{£s) — Xp{s) = r(s) 
where t — t o n. It is not difficult to check that this latter equation has a unique 
continuous solution given by 

p{s) = t{s/£) + XT{s/e) + x^T{s/e) + • • • , 

which is of the same class as r. Therefore, p o tt = p and p are of class C. 

(3') =^ (1') and (2'). If p : R/Z ^ R is a C function such that p o — Xp — t, 
then /i o Aa.o = ^A,r o where t) = (9,t + p{9)). Hence A\t is C-conjugate to 
Ax.o and l^A.r = /i(R/Z x {0} = 17a,o) is the graph of p : R/Z R. 

Since (1') trivially implies (1) and (1) implies (6), the proof of the proposition 
is complete. □ 

3.2. Infinite codimension. Throughout this subsection we fix A G (0,1). In 
Proposition 13 . 1 1 we showed that the global attractor il\,r of A\,r is a Jordan curve 
if and only if the functional equation 

(4) T — po m.e — Xp 

has a continuous solution : R/Z — > R. The aim of this subsection is to characterize 
the continuous functions r : R/Z ^ R for which the functional equation Q has 
a solution. With this purpose in mind, for each fc G N, we introduce the linear 
functional 

Vk-. Li(R/Z,R) ^ R 

V' ^ j^^^mM0)d9 

where 

n>0 

Lemma 3.2. Considerr G L"'"(R/Z,R) and suppose that there exists p G L"'"(R/Z,R) 
such that: 

T — po veil — Xp. 

Then, Vkir) = for allk eN such that i\ k. 
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Recall that for each e L^(M/Z, M) the fc-th Fourier coefficient of is defined 

by 



JR/Z 

For general background on Fourier series see 0]. 
Proof. /.From equation it follows that 

a"t(6i) + x"-\{£e) + ■■■ + T{re) = ^i{r+^e) - a"+V(6') 

for all n > 1. For all k such that l\ k, computing the P^k-ih Fourier coefficient of 
the functions involved in the previous equation we obtain that: 

(5) A"f(rfc) + A"-if"-i(r-ifc) + ... + f{k) = -A"+V(rfc). 

In view of the fact that the Fourier coefficient of /i G iy^(M/Z, R) are bounded, as 
n ^ cxD we have that A"+-'^/i(i?"fc) and, therefore, 

(6) A"f(r fc) = 0. 

n>0 

Now recall that the Fourier coefficients of a real valued function are even. In 
particular, T{k) — f{—k) and equation is equivalent to: 



n>0 

Thus we have completed the proof of the lemma. □ 

Theorem 2. Let r : K/Z —> W be a continuous function with absolutely convergent 
Fourier series. If 

(7) 2?fe(r)=0 

for all k G N such that i \ k, then there exists a continuous function fj, : R/Z —>■ R 
satisfying the functional equation 

T = /i o mi — Xii. 

Proof. We will obtain /i as a Fourier series with coefficients b(-) where: 



5(0) 



f(0) 



1 - A' 

n 

(8) birk) = -^A^f(Ffc) 



A" 



^ OO 



A 

j=n+l 

for n > and k such that £ does not divide k. (Compare with equation (jSJ). 
We claim that the Fourier series 



^6(g)e2"'^ = 5(0) + ^^6(rfc) 

g6Z £ffe n>0 
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is absolutely convergent (i.e., J2qez < fact, from equation (jHJ: 

qGZ. i\k n>0 

< KO)|+EETiT E A^|f(«)l- 



^ffc n>0 j>n+l 



Since 



Ea^ E = EE^^i-(^"^'^)i 

ri>0 j>ji+l n>Oi=0 

, . 1 _ 

= E^TA^i--(^"^'fc)i 

n>0 

< Y^Ei^(^"^'^)i' 



n>0 



it follows that 



E 1^(9)1 < i^(o)Iy^ + y^EEi^(^"^'^)i 
r^Ei-('^)i< 



qeZ ^fc ri>0 

OO 



Thus the series X^^gz b{q)e'^^'''^^ uniformly converges to a continuous function 
H : R/Z — > R. which is a solution of r = o — A/i since an easy computation 
shows that the Fourier coefficients of r and /i o mg — A/i agree (cf. Lemma [3 .21) . □ 

Definition 3.3. Let t : M/Z R be a continuous function with absolutely conver- 
gent Fourier series. Define the canonical representative of t by the continuous 
function Tc ■ M./Z —> M given by the Fourier series Tc{0) — X^^jfc 2^fc(T)e^'^**''^ . 

An immediate consequence of the theorem above is the following corollary: 

Corollary 3.4. Let t : K/Z — )■ M &e a continuous function with absolutely conver- 
gent Fourier series. Lf Tc is the canonical representative of t, then r is cohomol- 
ogous to Tc. That is, there exists a continuous function /i : M/Z ^ K. such that 
T — Tc + i-i o mi — A/i. 

Proof. Note that for every k which is not divided by £ it holds that VkiT — Tc) = 0. 
Therefore we may apply the previous theorem to r — Tc and obtain the corollary. 

□ 



4. Annular Attractors. 

Our next result contains the sufficient condition for JIajT to be a closed topological 
annulus which will be used in the proof of Theorem ^ More precisely, below we 
prove that if the image of the upper boundary of Vlx r lies higher in M/Z x R than 
the image of the lower boundary, then J^a.t is an annulus: 

Lemma 4.1. LfQx,T is i^ot a Jordan curve and 

(9) mm{Xp+{0')+T{0')/0' e mj\0)} > max{Xp- {6') - T{e') / 0' e mj\e)} 
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for all 9 G R/Z, then Q.x.t is a closed topological annulus. Moreover, if £ = 2 and 
flx.T is a closed topological annulus, then inequality ^ holds. 

Remark 4.2. For all ^ > 2 and provided that il\,r is not a Jordan curve, a 
necessary and sufficient condition for Cl\,r to be homeomorphic to a closed annulus 
is that for all 9 e M/Z: 

where I (9) = {9} x [p- (9), p+ (9)]. 

Proof. Let A = {{9,t)/ p-{9) < t < p+{9)} and note that Ax^r{A) C A. We 
claim that from @ it follows A\^r{A) — A and therefore SIa.t — A. Otherwise 
there would exist <o G (p (^o), P^(^o)) such that {9o,to) ^ A\^r{A). Consider 
9'^ e mj\9o) such that p^{9o) = \p^{9'^) + t{9'±). Since {9Q,to) ^ Ax.r{A), the 
image of ({^^} x M) should be above to and the image of ({6''_} x M) should 
be below to- Hence, we would have: 

Xp+{9'_) + t{9'_) <to< Xp'{9'+) + t{9'A 

which contradicts ©. Therefore A = ^Ia.t- By the Proposition 13. II if 51 a, r is not 
a Jordan curve, then p+ > p~ on M/Z. Hence ft\,r ~ A is a closed topological 
annulus. 

For ^ = 2, if © does not hold for some 9q, then the two intervals, A\^r{A n 
{{9o/2} X R)) and Ax^riACi ({6*0/2 + 1/2} x R)) are disjoint and their union is 
Ax^riA) n ({6*0} X R). Therefore, flx^r C Ax,t{A) is not an annulus. □ 

To show that if flx,T is a topological annulus, then A > 1/i we will need the 
following result. 

Lemma 4.3. Assume that X < l/£. Let t : R/Z — )■ R &e a continuous function. If 
p+ — p^ is a constant function, then Qx.t is not an annulus. 

Proof. Suppose that A < l/£ and p+ — p^ is the constant function C for some 
C > 0. We proceed by contradiction. If flx,T is an annulus, then 

[p-{9),p+{9)]^U,,^^-.^,^J{9') 

where J{9') = [Xp-{9') + T{9'),Xp+{9') + T{9')]. Since the length of [p- (9) , p+ (9)] is 
C and the length of each of the £ intervals J{9') is AC, it follows that £XC > C and 
therefore A = 1/^. Moreover, the interior of the intervals J{9') must be pairwise 
disjoint, which is impossible since the image under Ax^t of the loop {{9, {p'^{9) + 
p-{9))/2) / 9 € R/Z} must have self-intersections. □ 

Proposition 4.4. IfQx,T is a closed topological annulus, then X > \/£. 

Proof. Suppose that A < 1/.^. Let C be the maximum of p+ — and let E C R/Z 
be the set formed by the arguments 9 such that C = (p+ — p^){9). ^^From the 
previous lemma we may assume that E ^ R/Z. Hence, there exists 9o ^ E such 
that 9 = £9o e E. It follows that the length of 

S = U,,em-w[V~(^') + ri9'),Xp+i9') + Ti9')] 

is strictly less than C. Therefore, [p^ (9), p'^{9)] 7^ S and by Ii.emark l4.2l we conclude 
that flx,T is not an annulus. □ 
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4.1. Annular attractors when r is not cohomologous to 0. The aim of tiiis 
subsection is to prove (2) of Tlicorcm ^ under some extra assumptions on t. 

Definition 4.5. We say that t : M/Z ^ M zs cohomologous to or a coboundary 
if T = fj, o m.1 — fi for some continuous ^ : M./'L —>■ R. 

We will show that Theorem ^ (2) holds if r is not cohomologous to and 
J^^^T{9)d0 = 0. Under these stronger assumptions we can weaken the Lipschitz 
class hypothesis for t: 

Proposition 4.6. Let t : M/Z — > M fee a Holder function which is not cohomologous 
to and such that Jjj^^ '''WdO = 0. Then there exists Aq < 1 such that flx,r is a 
closed topological annulus for all X G [Aq, 1). 

The proof relies on finding appropriate periodic orbits under the multiplication 
by i map : M/Z M/Z. 

To simplify notation we let Jt = Jg^^^T{9)d0 = since we will only consider 
integrals with respect to the Lebesgue measure on M/Z. 

Lemma 4.7. If t : M/Z — > M is a Holder function which is not cohomologous to 
and such that J t — 0, then there exist periodic points 9± of period p± such that: 

T{e+) + --- + T{ep+e+) > o 

We employ the ideas contained in the proof of Theorem 9 in |2] . 

Proof. By considering — r instead of r it is sufficient to find 6+. For 6 = 
{ea,9i,92,.\.) e 5 we let 

SJ = t{9i) + --- + t{9„). 

We proceed by contradiction and suppose that for all period n points 9 we have 
that Sn9 < 0. 
We claim that 

{Sj/9eS,nen} 

is bounded above. In fact, for any 9 E S there exists a period n point 9' = 
{9'q,9[,...) e 5 such that 

distR/z(6';,6'„) < 

Therefore, 

Sn{9) < Sn{9) - S,,{9') <C ■{! + ■■■+ ^-("-1)") < C ■ 

where C > is an a-H61der constant constant for r. 
Now ^ : R/Z R defined by 

^i{9o)=snp{Sj/9^{9o,l3i,P2,---)eS} 

is an a-H61der function. In fact, for any 6*0, 6*0 G M/Z and e > let 9 — {9o,9i, . . .) 
be such that fj.{9o) < Sn9 + e. Then there exists 9' = {9q, . . .) e S such that 
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distu/z{Ok,0'k) = i-"" distj,/z{9o,0'o). Therefore, 

fi{0'o)>Sn{0') - Sn{0') - Sn{0) + Sn{0) 



> /i(6>o) - £ - C ^^ ^ ^ distR/z(i,„, . 

It follows that II is a-H61der, in particular continuous. 
^From the definition of /i we conclude that 

[l[tQ)>[l[0)^T(0). 

Therefore [i o va.g — fi ~ t is a non-negative function whose integral over M/Z is 
zero. It follows that t — fio mg — fi which contradicts our assumption that r is not 
cohomologous to 0. □ 

Proof of Proposition 14.61 For A sufficiently close to 1 we will show that 
/9+ > A^^||t||oo- Similarly, one can show that for A close to 1 the inequality 
< — A^^||r||oo holds. In view of Lemma f4. II this is sufficient to guarantee that 
r^A.T is an annulus. 

Let 0+ be a period p = p+ periodic point as in the previous lemma and let 

c = t{0+) H ^t{£p-'^0+) > 0. Consider Ai < 1 and a neighborhood U C M/Z of 

O = {0+, . . . , £P-^9+} such that: 

(a) There exists a neighborhood V C U oi O such that mf : y — > [/ is a bijection. 

(b) For aU A > Ai, if {0,19, . . . ,P>-^0} d U , then 

t{0) + Xt{£9) + ■■■ + XP-^t{£P-^9) > |. 

Let no be such that m^'"(C/) = M/Z. Then for all 6*0 G M/Z there exists 9 = 
(6*0, ... ) 6 <S such that 9n E U for all n > uq. Hence for all A > Ai, 

"0- 1 

p+{0o) > ^A^-V(0fc) = J2 ^'"'^(^fe) + E 

fc>l fc>l k>no 

> -(1 + • • • + A""-i)||r|loo + A""-i(l + Af + A^P + • • • )| 
cA"""i 

It follows that there exists Aq G (Ai, 1) such that for all A G [Aq, 1) we have that 
P+>A-1||t|U. □ 

Remark 4.8. Provided that r : M/Z ^ M is Holder, Jr = and r is not co- 
homologous to zero, it follows from the previous proof that for A G [Aq, 1) the 
inequality holds strictly, that is: 

mm{\p+{0')+T{0') /0' G mj\0)} > m'Ax{Xp- {0') ~ t{0') / 0' G 11171(6')}. 
5. COHOMOLOGICAL OPERATORS 

In this section we will study the linear operators 

£.\p /i o mg — A/i 

acting on Lipschitz functions p : M/Z M where A G (0, 1]. On one hand these lin- 
ear operators are related to conjugacy classes of affine maps Ax^r (see Lemma 



16 



On the topology of solcnoidal attractors of the cyUndor 



On the other hand, in view of propositions 13.11 and 14.61 these operators are also 
related to topological properties of the attractor il.\.T- At the end of this section we 
will apply the properties of C\ to prove a stronger version of Theorem ^ announced 
in Subsection 11.31 

The key to study certain topological properties of J^a.t is to understand the 
iterated "cohomological" equations C^^ = t. 

Definition 5.1. Consider a continuous function t : R/Z K. Given A G (0,1] 
we define the multiplicity niultT-(A) as follows: 

• multT-(A) = 0, if C\fi ^ T for all continuous /j. 

• mult,- (A) = n, if C^^ — r for some integer n > and some continuous such 
that mult^.j- ^(A) = 0. 

• mult,- (A) = oo, otherwise. 

We will show that J!^ — {\ ^ (0,1] / multT-(A) > 0} is finite (counting multi- 
plicities) provided that r is a non-constant Lipschitz function (cf. Lemma l5.9|l . In 
particular, mult,- (A) is finite for each A G (0, 1]. 

Although our main interest is on maps A\^r where r : R/Z ^ R is Lipschitz, 
the basic properties of the operators C\ acting on any class are summarized in the 
following lemma. 

Lemma 5.2. For A G (0, 1], let Cx '■ C C be the linear operator defined above 
acting on the class C of maps from R/Z to R where C is the class of Lipschitz or 
C maps for some r G [0, oo] U {to}. Then: 

(1) Cx, o Cx2 = ° for alio < Xi,X2 <l. 

(2) //Z^Ai/ii = T, then mult^^ (A) = multT-(A) for all A 7^ Ai and multpj(Ai) — 
multT-(Ai) — 1 provided that J — whenever Ai = 1. 

(3) ker£i = {constant maps} and ker^C^ = {0} for all A G (0, 1). 

(4) // >CaM = f^'^'^ / = for some A G (0, 1), then J /i = 0. 

(5) If T : R/Z M. is of class C and : R/Z — > R is a continuous function such 
that ^ o m£ — Xfi — T, then /i is of class C. 

(6) If T E Image £1, then J t = 0. 

(7) Cx{{constant maps}) = {constant maps} for all A G (0, 1). 

Proof. Statement (1) is a straightforward computation and statements (4) and (6) 
are an immediate consequence of the fact that the Lebesgue measure in the circle 
is m^-invariant (i.e., /to m^ = J for continuous t : R/Z ^ R). 

For (2), suppose that Cx^lJ-i = t and just note that if, for some A ^ Ai, there 
exists n such that CxfJ- — t, then Cx{ti — ^J-i) / {X — Xi) = /ii. 

(3) If fx{e9) - Xn{e) = 0, then fi{t'e) = A"/i(6i) for aU 6 G R/Z and aU n > 0. 
Let 9o be such that {£"6'o}„>o is dense in R/Z. Hence, for aU d G R/Z, ^1(6) = 
when A < 1 and fi{9) = /i(0o) when A = 1. 

(5) As in the proof of Proposition l3 . II we pass to the universal cover tt : R — > R/Z. 
That is, if /i o m^ — A/i = r then Jj,{£s) — XJl{s) = r (s) where /i = /i o tt and r = r o tt. 
It follows that /i(s) = t(£^^s) + Ar(£~^s) + ■ ■ ■ is a class C map from R to R and 
therefore : R/Z — > R is also of class C. 

Since the image under Cx of the constant function r equal to 1 is the constant 
function /z equal to 1 — A, statement (7) follows. □ 
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Remark 5.3. ^From (1) and (2) it follows that there exists a continuous /i such 
that Cx-^ o • • • o Cx^ii = T if and only if Ai, . . . , Am is a collection of elements of JT^I, 
maybe with repetitions, but such that the number of occurrences of A G is not 
greater than its multiplicity. 

Now we prove some basic conjugacy relations among affine maps of M/Z x M. 

Lemma 5.4. Let r : M/Z —fR be a map of class C where C is the class of Lipschitz 
or C maps for some r G (0, oo] U {w}. Then: 

(1) For all c and < A < 1, the maps Axr and Ax^t+c o,f^ conjugate via an 
affine map. 

(2) If o m.£ — Xqi^j, = T for some continuous map fi : M/Z — )■ M and Ag G (0, 1], 
then Ax.T and Ax.^i are C -conjugate for all A ^ Aq. 

Proof. For (1) note that ^a.t oh = ho Ax,r+c where h{0, t) = {0,t - c/(l - A)). 

For (2), if /X o mi — Xofj, = t for some continuous map fi, then /i is automatically 
of class C and h(9, t) = {9, (A — Xo)t + n{9)) is such that h o Ax = Ax t ° h for all 
A^Aq. ' ' □ 

Lemma 5.5. // /i : M/Z M. is Lipschitz, then 

\\Cxfi\\L > ie-\)M\L 

for all A G (0,1]. 

Proof. Let /i be Lipschitz and let r = CxfJ.- Consider 6 = {9k) G S and observe 
that 

f49o) = t{9i) + Xt{92) + ■■■ + A"r(0„+i) - A"+i/i(^^„+i). 
For 0^ G M/Z let 9' ^ {9',.) be such that 

, ,a a'\ distK/z(go,6>()) 
distR/z(6'fc,6lJ = '-j^ . 

It follows that for all rt > 0: 

1 A A" 
W^) - ^Ji{9'^)\ < distK/z(^?o,e^)||r|U(- + ^ + --- + ^) + 

A"+i|Ai(ft„+i)-MK+i)| 
< distK/z(0o,e^)||r||L^ + A"+V(^«+i)-M(^Ui)l- 

Therefore, 

\fi{9o)~fi{9'o)\ < \\T\\Lj^distu/z{Oo,0o) 
and the lemma follows. □ 
Lemma 5.6. Let t : M/Z — > W be a Lipschitz map such that J r = 0. The set 

X = {Xe (0,1]/ mult^(A) > 0} 

is closed. 

Note that from Proposition 13 . II it follows that 

n (0, 1) = Jr = {A G (0, 1) / nx,r is a Jordan curve}. 

Proof. Suppose that there exists An ^ A G (0, 1] and fin ■ M/Z ^ M such that 
finOT^i — Xnl^ = T. It foUows that J fin — and HmtiHl < \\t\\l for all n. Therefore, 
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{fin} is an equicontinuous and uniformly bounded family. Hence, by passing to a 
subsequence, we may assume that {/in} converges to some continuous function fi 
which necessarily satisfies the equation fj, o — Xfi ~ t, that is, A G JZ^. □ 

We now show that a Lipschitz function t which is not constant is not "infin- 
itely" cohomologous to or equivalently that A = 1 has finite multiplicity (see 
Definition I5.1|l . 

Lemma 5.7. Let t : M/Z > R be a non-constant Lipschitz function such that 

J T — 0. Then there exists m > and a Lipschitz function fi : R/Z M such that 
C"^fi ~ T and J fi = but Cip ^ fi for all Lipschitz functions p. 

Proof. Suppose that for < n < m there exist /i„ : R/Z ^ M such that 

L- Pn = Mo = T. 

By Lemma l5.2l maybe after adding a constant to prm we may assume that J /i„ = 
for < n < m. ft follows that Cipn = Pn-i- Under the assumption that r = /ig 
is not identically we will exhibit an upper bound for m in terms of the Fourier 
coefficients of r. 

The Fourier coefficients are uniformly bounded. In fact, by Lemma |5. 51 

ll/inlU < \\t\\l and therefore 

(10) < ^ 

for aU 7^ fc e Z and < n < m. 

Since pq is not identically 0, there exists A: e Z such that £ \ k and p > such 
that: 

M^^k) = forO<j<p, 
M^^k) + 0. 

Taking the Vk-\\\ Fourier coefficient to /i„ o m^ — Pn = Pn~i' 

(11) Pn{p-^k)-rin{Pk) = fLn-l{fk)ior J>1, 

(12) -/i„(fc) = /i„_i(fc), 
for 1 < n < m. 

By induction in p > 0, it is easy to deduce from (fTT)) and (fT^ that if p,o{Pk) — 
for < j < p, then: 

M&k) = OforO<j<p, 

-Me^k) = M„-i(Ffc), 

for < n < m. Therefore, from it follows that 

m{-l^-^M^pk)^p„^ii''+^k) - i^ir+^M^p+^k). 

Hence, 

^ \MiP+'k)\ + \p^iiP+^k)\ 

\M^pk)\ 

and by we obtain an upper bound for m: 

'|T||L + 4fcF+i|f(^f+ifc)| 



(13) m < 



4fc£P+i|T(^Pfc)| 

□ 
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Below we record the explicit bound obtained in the previous proof. 
Corollary 5.8. Let t : M/Z R be a Lipschitz function such that: 

?{fk) = forO<j <p 
TiPk) ^ 

for some integers fc G Z and p > with £ \ k. If there exists m > and a Lipschitz 
function /i : R/Z — > R such that 

cTfi = T, 

Then 

IItIIl + 4fcF+i|f(F+ifc)| 
4fc£P+i|T(fPfc)| 

Lemma 5.9 (Main). Let r : R/Z — > M. be a Lipschitz function which is not 
constant. Then J'^ is finite, counting multiplicities. 

Moreover, consider the finite collection < Ai, . . . , A„i < 1 consisting of elements 
of where the number of repetitions of each element of J!^ coincides with its 
multiplicity. Then there exists a Lipschitz function /i : R/Z —^ R such that 

r = £ai o ■ • • o -Ca^M: 

and fj, =/= C\p for all Lipschitz maps p : R/Z R and all X < I. Furthermore, if 
J T = 0, then fi may be chosen so that J p = 0. 

Proof. By Lemma 15.21 and Remark 15.31 it is sufficient to show that is finite, 
counting multiplicities. In view of Lemma 15.21 (7). multr(A) = mult7._c(A) for all 
< A < 1 and c G R, and since the multiplicity of A = 1 is always finite (cf. 
Lemma f5.7|) it follows that is finite if and only if _^ is. Therefore we may 

assume that J r = 0. 

We proceed by contradiction and suppose is infinite or that it contains an 
element with infinite multiplicity. In both cases, for all n > 1 there exist < A„ < 1 
and /i„ : R/Z ^ R Lipschitz such that 

(14) Cx^ o ■ ■ ■ o Cx^pn = T. 

By the previous lemma and by Lemma[^|(l), the number of occurrences of A„ = 1 
is finite. In particular, there exists iV > such that < A„ < 1 for all n > iV and 

Aiv + l ° • • • ° •^A„ + fe(Ai o • ■ • o Cx„Pn) = T. 

Therefore, after relabelling, we may assume that for all rt > 1 there exist A„ < 1 
and fjLn : R/Z R Lipschitz such that H14|) holds. Note that since / r = 0, then 
J Pn = for all 71 > 1 (see Lemma [5. 21 (A)). 

By Lemma 15.61 it follows that there exists Aq < 1 such that A„ < Aq for all 
n > 1. Since 

> (^-Ai)---(^-A„)||m„||l, 
we have that HAfnlli < IklU f^'' Therefore, for all 7^ A: G Z and n > 1, 

\Mk)\ < Ml, 

where Pnik) denotes the fc-th Fourier coefficient of /i„. Now by Lcmma|^|(3), for 
all n > 1 

^\„Pn — pn-1 
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where /io = t. Hence, /in (^6') — Xnl^n{0) 
such that t\k: 

(15) nn{f-^k)-XnMi'k) 

(16) -A„/i„(fc) 



= Hn^O). Therefore, for all 7^ /c G Z 

= Mn-i(^^fc) for J > 1, 

= Mri-l(fc)- 



Fix A; ^ such that £ does not divide k. We show by induction on j > that 
lin{e^k) = for all n > 0. 

For j = 0, by equation l(T?i| . /io(fc) = (— l)"Ai ■ • • A„/2„(fc). Since /i,i(fc) are 
uniformly bounded it follows that fio{k) = and therefore fi.n(k) = for all n. 

Let J > 1 and suppose that 'fln{i-'~^k) = for all n > 0. It follows from equa- 
tion ^ that -X„flr,{e^k) = fln-i{Pk). Hence, flQ{Pk) = (-l)"Ai ■ • • A„/2„(€Jfc). 
Again using that JlniPk) are uniformly bounded, it follows that 'j2n{£-'k) = for all 
n. 

We conclude that t = fiQ is constant which is a contradiction. □ 

We now state and prove a stronger version of Theorem^ Recall that J'^. denotes 
the set of A e (0, 1) such that A\,t- is a Jordan curve. 

Theorem 3. Suppose that r : M/Z ^ M is Lipschitz. Then there exists a Lipschitz 
map /i : M/Z — > M satisfying the following properties: 

(1) iJfj, = 9 and for all A € (0, 1) \ jTV the maps A\^t- and ^a,/x o^e topologically 
conjugate. 

(2) J /i = and /i is not cohomologous to 0. 

Proof of Theorem |3l By Lemma [5.41 (1). after replacing r by r — / r, we may 
assume that / r = 0. In view of Proposition 13 . II and Lemma [5.41 (2), statements 
(1) and (2) hold for the function /i : M/Z — + M given by the previous lemma. □ 

Proof of Theorem E For (1) just note that Lemma [5.91 implies that JV is finite. 
For (2) let fi : M/Z ^ M be as in Theorem El and apply Proposition Ol □ 

6. Continuity of the upper and lower boundaries. 

Perturbation of affine maps A\,r also posses an attractor for which the upper 
and lower boundaries may be defined (see Definition 16.11 below) . The aim of this 
section is to show that the upper and lower boundaries of Q\^t vary continuously 
under Lipschitz perturbations of Ax^r- 

Given an open set [/ C K/Z x R with compact closure we denote by Lip(C/, K/Z x 
M) the set formed by all the Lipschitz maps F : J7 ^ M/Z x R endowed with the 
Lipschitz metric dist^. More precisely, 

distL(^^0,J^l) = ||i^O-i^l|U + ||/o-/l|lL + ||go-5l||L 

where F,{9,t) = {f,{9,t), g,{0,t)) for i = 0,1. _ _ 

Note that the set Lip(C/, U) of aU F G Lip(C/,R/Z x R) such that F{U) C U is 
open in Lip(I7,M/Z x M). 

Definition 6.1. Suppose that U C R/Z x R is an open set with compact closure. 
For any F G Lip(J7, U) we letVlp — r\n>oF^{U) be the attractor of F. The upper 
and lower boundaries of Up are the graphs of 

p$ : R/Z ^ RU {±00} 
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where 

p+(6l)=sup{tGM/(0,t)el]F} 

ifflpCi {{9} X R) / and p^{9) = ^oo otherwise. 

We may now state the main result of this section. 

Proposition 6.2. Consider A e (0, 1) and a Lipschitz function r : M/Z M. Let 
To e M fee such that Ax,r(Uo) C Uo where Uo = M/Z x (-To, To)- Given e > there 
exists a neighborhood U C Lip(C/oj Uq) of A\,r such that for all F E U the following 
hold: 

(1) : R/Z ^ R are well defined Lipschitz functions. 

(2) IIp^-P^^ JIoo <e. 

6.1. Lipschitz maps in K^. In this subsection we consider = Mx [—Tq, Tq] C R^ 

and study the action of Lipschitz maps F : 1/ — > R^ on the graphs of Lipschitz 
functions p : R — > [—To, To]. The results obtained here will be applied in the proof 
of Proposition 16 . 21 to the lift of maps F which are Lipschitz close to A\^r- 
Throughout this subsection we consider a map: 

F : V ^ ^ R"^ 

(s,t) ^ {f{s,t),g{s,t)) 

and suppose that there exist positive constants -^o, Ao,Ci,2 and C2,i such that: 



(17) /(so,t)-/(si,t) > ^o(so"Si), 

(18) \giso,t) -g{si,t)\ < C2,i|so-si|, 

(19) \f{s,to)-fis,t,)\ < Ci,2\to-hl 

(20) |g(s,io)-g(s,ti)| < Ao|to-ii|, 
for all So > Si and t, to,ti G [—To, To]. 

The above conditions arc satisfied by the lift A\^r{s,t) — {is,Xt + r o 7r(s)) of 
v4a,t where t : R/Z ^ R is Lipschitz and A £ (0, 1). Observe that in this case we 
may choose £o — C2,i = IklUi ^^1,2 ~ 0, and Aq = A. 

Lemma 6.3. IfjCV is the graph of a Lipschitz function p : R — > [—To, To] such 
that \\p\\l < C'oCi2, then T(7) is the graph of a C -Lipschitz function Tp(p) : R ^ R, 
where 

C2,i + Ao[|/o[|l 



c = 



4-Cl,2||p||j 



Proof. Suppose that so > si. For z = 0, 1, let ti — p{si) and {s'^,t^) — F{si,ti). 
Then we have that: 

s'a-s[ = f{so,to) - f{si,ti) 

= (/(so, to) - /(so,ti)) + (/(so,ti) - /(si,ti)) 

> -Ci^2\to - hi + ioi-so - si) 

> -4|so - si| + 4(so - Sl) = 0. 
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In particular, ^"(7) is the graph of some function. Also, 
1*0-^1 1 ^ \9{so,to) -9(si,ti)\ 

= \g{so,to) -g{so,ti) +g{sQ,ti) -g{si,ti)\ 
< Aol^o - ^i| + C'2,i|so - si|. 



Hence, 



1*0 -til ^ Xo\to - h\ + C2,i\so - sl\ 



\s'o-s[\ - -Ci.2|to-ti|+4|so-si| 

^ ^2,1 + AqIIpIIl 

- 4-Ci,2||p1|l 

and the Lemma follows. □ 

Definition 6.4. We say that a Lipschitz map F : V M.'^ preserves C-Lipschitz 

graphs with constants £q, Aq, Ci_2 and C2,i if in\ )- i2f)\} hold and 

C2,i + AqC ^ ^ ^ ^0 



^0 — Cl,2C' Ci^2 

In particular, ii F : V ^ V C M."^ preserves C-Lipschitz graphs, then Tp acts on 
the set of C-Lipschitz functions p : M ^ [—To, To] (see Lemma Ffi.^ll . 

Now we compute a Lipschitz constant for T^ with respect to the C^-norm. 

Lemma 6.5. Let C > be such that C < ioCi^. Suppose that : M ^ [— To,To] 
are C-Lipschitz functions where i — 0,1. Then 

Xq£q + C2,lCi,2 I 



II'^f(Po) - 7>(Pl)||oo < -„ ^ ' ^ ' IIPO - Pi 



Proof. Consider s' G M. For i = 0, 1, let p[ = Tp{pi), t[ = p^(s'). Also we let 
{si,ti) be the points in the graph of pi such that F{si,ti) — (s', t[). We may assume 
that si > So. 

We must find an upper bound for \t'i — <o| in terms of \ti — 1^\ where ti — pi (sq)- 
Since 

= /(so, to) - /(si,ti) = f{so,to) - /(si,io) + f{si,to) - f{si,ti), 
we have that 

I{si,to) - /(so, to) = |/(si,ti) - /(si,to)|- 

Therefore, 

(21) £o(si-so)<Ci,2|ti-to|. 
Also, 

|t'i-tol = |g(so,to)-5(si,ti)| 

< l3(so,to) -5(so,ti)| + |g(so,ti) -g{si,ti)\ 

(22) < Ao|to-ti| + C2,i|so-si|. 



Since 



|ti-to| < |ti -tol + |ti -til 

< |ti-to|+C|so-si|, 
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it follows from H21|l that 

\ti -h\< \ii - iol + CCi,2^o '1*1 - *o|. 

Hence, 

(23) \h - h\ < (1 - CCi,2^o - *o|. 
Combining (|21|l and (|22(l we obtain 

(24) \t[ - t'o\ < (Ao + C2aCi,2^o - *o|. 

The lemma now follows directly from l|23|l and H24(l . □ 

Lemma 6.6. Fori — 0,1, let Fi{s,t) = {fi{s,t),gt{s,t)) be maps in Lip(V,M^) 
such that Fi preserve C'-Lipschitz graphs with constants ^OjAo,Ci^2 cind C2,i- If 
\\Fo - Filloo < e, then 

ri?„(p)-r^,(p)l|oo<(i + c)e 

for all C-Lipschitz functions p : R ^ [^7o, Tq] . 

Proof. Consider sq G M and let to = p{so)- Also let (s-,t-) = Fi(so,to) where 
i = 0, 1. It follows that 

w,)-p,{s\)\ < ip;(s'i)-p^(4)i + iPo(4)-Po(^'i)i 

< e + C\s'o-s[\<e + Ce 
where Tp. (p) =p'-. □ 

6.2. The upper and lower boundaries as fixed points. Throughout this sub- 
section we let To > and Uq = M/Z x (—To, To)- Here we consider a map 
F £ Lip(J7o, Uq) and show that under certain conditions the upper and lower bound- 
aries of the attractor Qp arc Lipschitz graphs. 

Lemma 6.7. Let F G Lip([/o, Uo) be locally an orientation preserving homeomor- 
phism which acts as multiplication by £ > 1 on the first homology o/M/Zx (— To, Tb)- 
Denote by F : R x [—To, To] K/Z x (— To,To) a lift of F to the universal cover 
and suppose that F preserves C-Lipschitz maps with constants £o, Ao, Ci,2, ^2,1. 
Assume that: 

Xq£o + C2.1C12 



Let 



T+{p){s) = max{r^(p)(s),r^(p)(s -fl), . . . ,T^(p)(s + t - I)} 



TpiMs) = min{r^(p)(s),r^(p)(,s + 1), . . . ,T^(p)(s + i ~ 1)}. 

Then are contractions in the space of C-Lipschitz functions p : M — > [—To, To] 
endowed with \\ ■ ||oo. The fixed points fy^ of Tp are 1-periodic and the graphs of 

p$. : M/Z M 
e = n{s) 1-^ P${s) 

are the upper and lower boundaries of the attractor f2 p . 
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Proof. Since the maximum and minimum of C-Lipschitz functions are also C- 
Lipschitz, from Lemma it follows that Tp{p) are C-Lipschitz whenever p is 
C-Lipschitz. By Lemma 16.51 the operators Tp act as contraction maps. Our 
hypothesis that F acts as multiplication by £ on the first homology group translates 
to the universal cover as F{s + l,t) = F{s, t) + {1, 0). It follows that Tp preserve 
the closed subset of 1-periodic C-Lipschitz function. Therefore, the fixed points 
are 1-periodic and we let p^(7r(s)) = p^is). 

We now show that Pp is the upper boundary of Qp. Note that the graph 7^ of 
Pp is invariant under F. That is Fljp) D jp. Therefore ■'jp C ftp- It is sufficient 
to show that fii? is below jp. For this let po be the constant function Tq on R and 
let pn = Tp^po). ^From our previous discussion and the fact that po is 1-periodic, 
we conclude that p„ projects to a function p„ : M/Z — > M with graph 7„. Since F is 
locally an orientation preserving homeomorphism, F"(C/o) has as upper boundary 
the curve 7„. Taking into consideration that p„ converges to p, it follows that 
nF^{Uo) is below 7^. A similar argument shows that pp is the lower boundary of 

np. □ 

The analogue of Lemma [4. II also holds in this context. More precisely: 

Lemma 6.8. Assume that F G Lip(t/o,C/o) *s locally an orientation preserving 
homeomorphism such that the upper and lower boundaries of Q,p are the graphs jp 
of functions p$ -.E./Z^M.. If for all 6* e M/Z 

(25) min{t / [9, t) e ^(7^ )} > max{t / {9, t) € Fijp)}, 

then Qp is a closed topological annulus. Moreover, if i — 2 and for some 9 G K./Z 

(26) min{t / [9, t) e F{^+)} < max{t / {9, t) G ^^(7^)}, 
then flp is not a closed topological annulus. 

We omit the proof of this Lemma since it is very similar to that of Lemma [4. II 

6.3. Proof of Proposition 1^21 Since Lipschitz perturbations of bilipschitz maps 
are bilipchitz, all F in a sufficiently small neighborhood U of A\,r in Lip(t/o7 Uq) 
are locally orientation preserving homeomorphisms. Consider a small real number 
5 > and shrink U, if necessary, so that for all F ^ U there exists a unique lift 
F : R X [-To, To] ^ R^ of F such that ||F - Ax,t\\oo < S, where Ax.r{s,t) = 
{£s, Xt + T o 7r(s)). After further shrinking of U, if necessary, we may assume that 
there exist positive constants: Iq slightly smaller than £, Xq close to A, C2,i close 
to ||t||l, and Ci^2 sufficiently small such that for all F G U the corresponding lift 
F preserves C-Lipschitz graphs with constants Aq, C2.1, C1.2 and the following 
inequalities also hold: 

C>{£^X)-'\\TU>\\pij\L, 

-r- _ + C2,lCi.2 ^ 
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Let p"*" be the lift of ^. By Lemma IH^ 

n-l 



Choosing (5 > so that = e it follows that = lim(Tpf)"(p+) is e-close to 

Similarly, we obtain that p^; is e-close to p^. □ 

7. Examples. 

7.1. Perturbation of affine maps with annular attractors. In the previous 
section we showed that the upper and lower boundaries of the attractor r^A.r of 
an affine map A\ r moves continuously under Lipschitz perturbations. In view of 
Lemma r4.il Remark 14.81 and Theorem Owe obtain the following result. 

Proposition 7.1. Let r : R/Z ^ R &e a Lipschitz function. Then there exists Aq G 
(1/.^, 1) such that for any A G [Ao,l) and for all F in an appropriate neighborhood 
U of A\,r in Lip(C/, U) we have that ftp is an annulus where U = R/Z x (— To,To) 
is such that ^a.t G Lip(J7, U). 

We will apply the above proposition to exhibit annular attractors in an explicit 
family of endomorphisms of C* = C \ {0}. More precisely, we consider the family 

/a,c: C* ^ C ^ 

z ^ (A|z| + l-A)^ + c, 

where c G C and A G (0, 1). Observe that /a,o(C*) = {z G C / |z| > 1 - A} C C* 
and /a.o acts as multiplication by 2 on the arguments and as the affine contraction 
A|z| + 1 — A on radial lines. Also, /a.o(S^) = where §^ — {\z\ — 1}. The map 
/a,c may be written as the postcomposition of /a,o by the translation z ^ z + c. 
Therefore, /a,c(C*) = {z G C / |z| > 1 - A} + c. 

This family /a.c is closely related to the well known and extensively studied 
quadratic family Qc{z) = z'^ + c. The action of Qo as |zp on radial lines has been 
replaced by an affine contraction. 

Our main interest here will be on maps /a,c for |c| small. For |c| < 1 — A, by the 
above considerations we have that /c(C*) C C*. Moreover, it is easy to check that 

V = {zeC* / exp(-^) < \z\ < exp(^)} 

is a trapping region for fx.c when |c| is sufficiently small. That is, f\,c{V) C V. We 
say that 

f^A,c = n„>o/r.c(^) 

is the attractor for the dynamics of /a,c- 

Proposition 7.2. There exists Aq G (0, 1) such that if X G [Aq, 1), then the attractor 
of fx.c is homeomorphic to a closed topological annulus for all c in a punctured 
neighborhood of the origin (which depends on X). 
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The proof of this fact rehes on considering an appropriate rescahng of /a,c as c 
goes to 0. Namely, consider 



and for |c| < 1 — A, let 

/a,c = o f\,c o I.- 
Lemma 7.3. For t] > let h,,{e,t) = {9,rit). Then, for all a G R/Z, 

converges, as rj ^ 0, in the topology to: 

Fx.a{d,t) = {20, \t + ^ cos2TT{a - 29)). 
Proof. Fix A G (0, 1). Let 0(77) = 77 exp(27riQ!) and 

i^r,i0,t),^^i9,t))^h,,(^^)Ohr,{9,t). 

Therefore, 

K) ^ ° f\,ricxp(2ma) O — ■ 

We must show that ^,^{9,t) 29 and that 

\t+ (27r)"-^cos(a - 29) 



in the topology, as 77 — > 0. ^From f\_c o i o /i^ = t o ^) we obtain: 

(27) (Aexp(27r77t) + l-A)exp(27ri26')+77exp(27ria) = exp(27r(*^(6', t)+i$^(6i, t))). 

It follows that 

„ N Aexp(27r77i) + 1 — A + 77exp(27ri(a — 26')) 

28 exp 2 • 2m{%{9, t) - 29)) - ;/ ' \\ 

Aexp(27r7yt) + 1 — A + 77 exp(— 27r7(Q; — 20)) 

converges to the constant function 1 in the topology for maps from R/Z x K 
into M. Therefore, 

^r,{9,t) ^29->0 
in the topology for maps from R/Z x R into R/Z. Now 

exp(2 • 27ri($^(0,i) - 29))^/'' 

1 + r]{2iT\t + cxp(27ri(a - 261)) + 0(7;) A ^'"^ 

1 + 77(27rAi + exp(-27ri(a - 261)) + 0(7;) ) 

exp(27rAt) + exp(27ri(a - 26*) 

-, ^ ; ; r as 77 ^ 

exp(27rAt) + exp(-27ri(a - 26*) 

(29) = exp(2 ■ i sin 27r(a - 26*)) 

where the limit is in the topology. ^'^From (|27|l . 

exp(27r^^^^) = (l+77(27rAt+exp(27r7(a-20)+O(77))))i/''-exp(27ri(26i-$„(6', t))f''', 
V 

which, in view of H29I) converges to 

exp(27rAt + exp(27r7(a - 26*))) • exp(-i sin27r(a - 26*)) = cxp(27rAt + cos 27r(a - 26*)) 
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in the topology. It follows that 

^ At + -!- cos 2n{a - 29) 
rj 2n 

which establishes the Lemma. □ 

^From Proposition 17. II there exists Aq such that for all A £ [Aq,!) there exists 
a neighborhood U of {Ta,q / a 6 R/Z} C Lip(J7, C/) so that the attractor flp is 
an annulus for all F e where U = R/Z x (-(1 - A)"\ (1 - A)-i). Since for r] 
sufficiently small, say < 77 < 770, and for all a G R/Z, 

it follows that the attractor set of f \-qexp{2-Kia) & Lip(T4^, W) is an annulus, where 
W = R/Z X (—(1 — A)~-^77, (1 — X)~^r]). Therefore, the attractor of fx,,jexp{2TTia) 
is an annulus for all < 77 < 770 and all a G R/Z which proves the claim of 
Proposition 

7.2. With interior and not an annulus. 

Proposition 7.4. For all A > 1/2 there exists a function r : M/Z R such 
that the attractor set i^A.r of A\^ri9,t) = (29, Xt + t{9)) has non-empty interior 
and it is not a topological annulus. Moreover, this property is robust. That is, let 
U = R/Z X (-To, To) C M/Z x M &e such that Ax,r(U) C U. Then there exists a 
neighborhood lA of A\t- in Lip(C/, U) such that for all F the attractor set ^Ip 
has non-empty interior and it is not a topological annulus. 

A similar example can be constructed for all A > l/l and £ > 2. Here we 
specialize in the case £ = 2 for the sake of simplicity of the exposition. 

Construction of the example. We endow M/Z with its standard orientation and 
use interval notation accordingly. Let j5 > 1 be such that A + • ■ • + A^~^ > 1 and 
consider 77 < 1 such that: 

(30) (A + --- + Af-i)77> L 

Consider a period p periodic cycle 9^^, . . . , 9p_i = m.2~^{9o) with subindices modp 
and respecting cyclic order such that |/o| — \{9o,9i)\ > 1/2 where |/| denotes the 
length of the interval / C R/Z. For example, let 6*1 = 1/(2^ - 1). 

Consider positive constants To, Ti , (5, eo, . . . , Cp-i , A' and a natural number N > 2 



such that 

(31) To > 

To A-A^ A^To 

(33) S = I/0I-I/2, 

(34) < eo<S-2-^+\ 

(35) 2ej < Ej+i for j = 1, . . . 1, 

(36) A77 < A' < A. 

Let T : R/Z ^ R be a C°° function such that: 

(37) t{9) = for all 9 G /q" 

(38) t{9) = A' for all 9 G f/ 
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where f/ = [Oj + tj,ej+i - e^), 

(39) r(0,) = roforj-l,...,p-l, 

(40) < t{6) < To for 9 e R/Z \ /q. 

The next three lemmas are devoted to prove that the properties stated in Propo- 
sition |^] hold for a function r : M/Z ^ R as above. It follows that there is a 
Lipschitz close function for which the statement of the proposition holds. 

Lemma 7.5. Let = on R/Z. Then 

(1) p-{e) = for all 6 e R/Z. 

(2) p+{0,) = (1 - Xy^To for allj = 0,...,p~l. 

(3) p+(0o + i)<A-iro. 

Proof. (1) Since 

\^°\ = |/o| - 2eo >\Io\-25- 2'^+' > |/o| - 5, 

it follows that m2(/Q°) = R/Z. Therefore, given 9'q € R/Z and n > 1 there exists 
9'„ e Io° such that 29'^ = e[^_^. Hence, p-(6l(,) < tx{[e'^)) = (see Proposition[13J . 
Also < p~iO'g) since t > 0. 

(2) Since t < To, it follows that p+ < (1 - X^^Tq. Now p+(6lj) = (1 - Xy^To 
because each one of the periodic points 6j has as an infinite backward orbit along 
the periodic orbit 6q, . . . , 

(3) Let 6'^ = 9o + l/2 and {6'^ e 5 be a backward orbit. Let 

iVo = min{n/C^/^"U 

dist„/z(05v„, {^jir') < max{ej} = eo < 5 ■ 2-^+\ 



Then 



Hence, 



We conclude that Nq > N and 

P+ie'o) < r(0;) + Ar(0^) + ... + A~-V(0;.„_i) 

< A + A2 + ... + A^"-i + ^^ 

1 — A 

A - A^" A^oT 

= 1 

1-A 1-A 

A-A^ A^To , , 



A^oTo 
1 - A 



□ 



Lemma 7.6. There exists an open neighborhood U of A\^r m Lip([/, J7) such that 
for all F the attractor ftp is not a closed topological annulus. 
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Proof. If we denote by 7^ the graphs of , then 

min{t e Ax.rh^)} 

= mm{Ap+(0o + 1/2) + r{9o + 1/2), Ap+(0o) + t{9o)} 

- mm{Ap+(0o + l/2),(l- A)-iTo} 

< To 

= max{0,To} 

= max{Ap-(0o + 1/2) + r(0o + 1/2), Ap-((?o) + t{0o)} 

= max{t /(6'i,t) e AA,r(7")}. 

By Lemma [6.81 it follows that for all F close to Ax^r the attractor ili? is not an 
annulus. □ 

Lemma 7.7. There exists an open neighborhood U of A\,r m Lip([/, ?7) such that 
for all F (zU the attractor Vlp has non-empty interior. 

Proof. Let r]' be such that 

(A + --- + AP-i)r/>?/ > L 

By Proposition]^] we may assume that for all F sufficiently close to Ax ^ the lower 
boundary p]^ : M/Z ^ R is well defined and 

Pf < (A')'. 

Consider the subsets i?f and R2 of K/Z x K. defined by: 

R( = {{9,t) /pp{9)<t<X}, 

i?2 = If X [A, ry'] U U^I^'C^ x [A, (A + • • • + A^>]). 
Let = R[ U R2. We wiU show that the F{R^) D R^ for aU in a sufficiently 
small neighborhood of ^a,t- 

To simpfify notation, let R — i?"^^-^ . We start by showing that Ax^t (int R) D R2- 
In fact, since for j = 1, . . . ,p — 1 

I"/ X (0, (A + --- + A^)?/) Cinti? 
and t{Ij') = {A'}, it foUows that 

ni2{t/) x (A' + A(A + ■ • • + A^)77) C AxA'^nt R). 

By(|231),m2(/^0 ^^^and, bylSni, (A'+A(A+- • • A^)??) D [X, Xr]+X{X+- ■ ■+X^)r]]. 
Therefore, AA,r(int R) D i?2- Hence, for all F sufficiently close to Ax.t we also have 
that 

(41) F{mtR^)DR2 

since the boundaries of R^ move continuously with F. 

For F sufficiently close to Ax^t the circle R/Z x {A} has image contained in 
t> X'X. Therefore, 

(42) F{{{9,t) /pp{9) <t<X}D {{9,t) lpp{9) < t < XX'}. 

Since Ax,t{Io° x{Xr],r]')) D R/Zx{XXf], Xi]') D M/Zx[AA', A], for aU sufficiently 
close to Ax,T we also have that 

(43) F(i?^) D M/Z X [AA',A]. 
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On the topology of solcnoidal attractors of the cylinder 



iFrom (O and ^ we conclude that D i?f . By gH), we obtain that 

Since for all F sufficiently close to A\^r we have that F{R^) D R^ , it follows 
that R^ C flp and therefore ^Ip has non-empty interior. □ 
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